SIMPLE SYSTEMS OF ROOTS IN L*-ALGEBRAS

BY
V. K. BALACHANDRAN

1. Introduction. In this paper we study semisimple L*-algebras having simple
systems of roots. Such algebras—called regular L*-algebras in the sequel—are
shown to be precisely those semisimple L*-algebras which are orthogonal sums of
separable simple L*-algebras. Since the latter class of algebras is known (Schue [7]),
the structure of the regular L*-algebras is completely determined. We also extend
to regular L*-algebras some of the classical results from the theory of finite-
dimensional semisimple Lie algebras. In particular we obtain extensions of the
isomorphism theorem and the existence theorem for the Weyl basis (Theorems 3, 4).

The notions of the real form and the compact form can be introduced for semi-
simple L*-algebras in quite a natural way. It turns out that the compact form that
we introduce is unique. Also in case the L*-algebra is regular, the compact
form has the same kind of relationship with the Weyl basis as in the (finite-
dimensional) Lie theory (see Remark 7).

A principal tool employed extensively in this paper consists in constructing
suitable finite-dimensional L*-subalgebras (cf. Propositions 2, 3) and applying to
them the theorems of the classical theory of Lie algebras. In particular it is by this
method that we obtain one of the main results (Proposition 8) leading to the
structure theorem stated at the outset.

2. Preliminaries. The requisite background material on L*-algebras will be
found in Schue [7], [8]. For the convenience of the reader the principal results of
Schue’s theory which are required in this paper are collected here.

Let L denote a semisimple L*-algebra. If H is a Cartan subalgebra of L and
A={«} the set of nonzero roots of L relative to H, then we have the Cartan
decomposition
(1) L=H®V, V=2V,

aEA
where V, is the « root subspace and @ denotes the orthogonal (or the Hilbert
space direct) sum.

The root subspaces V, have the following properties: (i) each V, is one-dimen-
sional, (i) V*=V_,, where V¥ denotes the image of ¥, under the conjugation (*)
of L, and (iii) [V, Vs]=V,.sif a+Bisaroot #0, [V,, V_,]< H and [V,, V,;]={0}
if @+ is not a root.

Each root e=«(h) is a continuous linear functional on H so that there is a unique
vector h, € H such that a(h)=<(h, h,) where (-> denotes the inner product. Also
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h, is selfadjoint (i.e., A* = h,) and h, = [v,, v¥] for any v, € V, with |v,|| =1. Further,
the set {h,: « € A} is total in H; i.e., for any he H, {h, h,»=0 for all h, implies
h=0 [1, Lemma 6].
We write <e, B =<{h,, hs> and call « | B (=« orthogonal to B) if e, 8> =0. Also
we shall say that a set {«} is linearly independent if the set {4,} is linearly independent.
If « and B are any two (distinct) roots, the a-series containing 8 is the set of roots
B+ ic where i is an integer, p <i=<q, and we have

@ A, BO[Koy ap = —(p+9).

SOME NOTATIONS. (See also under Remark 1.) C, R, Q denote as usual the com-
plex, the real and the rational fields respectively.

Let L be a semisimple L*-algebra. For any subset S of L the set of all (finite)
C-linear combinations of elements of .S will be denoted by Spc S=Sp, S and the
set of all Q-linear combinations of elements by Spg S. The orthogonal complement
of Sin L is denoted by S'*.

If H is a Hilbert space we write dim H to mean the orthogonal dimension, i.e.,
cardinality of an orthonormal basis for H. For an arbitrary set S, | S| will denote
the cardinality of S.

LEMMA 1. Let a semisimple L*-algebra L have an orthogonal decomposition
L=3> @ L, where L; are semisimple. Let H be a Cartan subalgebra of L. If o is a
nonzero root relative to H, the root subspace V, belongs precisely to one L;. Write
A;={a : V,<L,}. Then the closure of Sp {h, : « € A;} in H is a Cartan subalgebra
H; of L;, and the restrictions to H; of the « € A; are precisely the roots of L;.

The proof of this lemma is quite straightforward and is omitted.
Since every semisimple L*-algebra L has an (unique) orthogonal decomposition
L=3 @ L, where L, are simple L*-subalgebras [7, p. 71], we obtain the corollaries:

COROLLARY 1. Every root « of L is a root of one of its simple components L.

COROLLARY 2. Suppose By, Bo, . . ., B, are linearly independent roots of L. If there
is a root y of L such that

3 Y= 2 B ¢ #0,
then all B; and y are roots of the same simple component L,.

Proof. By Corollary 1, y is a root of some L; and the B, are easily seen to be
roots of this L,.

3. Semisimple L*-subalgebras. In this section we describe a method of con-
structing semisimple and simple L*-subalgebras of a semisimple L*-algebra.
Particular cases of this construction have already been used by Schue in his paper

[71.
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DEerINITION 1. Let L be a semisimple L*-algebra, H a Cartan subalgebra of L,
and A the set of nonzero roots of L relative to H. A subset A, of A is called a root
system (relative to H) if it satisfies the conditions: « € A, implies —a € Ay; and
o, BE Ay, a+B € A implies a+B € A,.

ReMARK 1. For any subset S of A, if we write (Sp)~ S=Sp S N A then (Sp)™ S
is clearly a root system. We may also observe that, as in the finite-dimensional Lie
algebra case (cf. [5, p. 117]), we have the result:

@ (Sp)™ S = Spo S N A.

DEFINITION 2. A subset S of A is called indecomposable if S is not expressible
as a disjoint union of nonempty subsets S;, S, with S; | S,.

REMARK 2. If «, B € A, then a finite sequence of roots «;, «s, ..., @, of A with
a=0a,, B=0a, and {a;, ¢;,,)#0, is called a chain C,; from « to 8. Obviously a
chain is an indecomposable set. Further, it is easy to see that a set S is indecom-
posable if and only if for any two roots «, 8 in S there is a C,; in S (i.e., whose
elements belong to .S). Finally, we have the result that L is simple if and only if A
is indecomposable (cf. [7, pp. 71, 74)).

PROPOSITION 1. Each root system A, in L determines a semisimple L*-subalgebra
'LO=L0(AO), with a Cartan subalgebra Hy=H N L, whose roots relative to H, are
precisely the roots in A,. L, is simple if A, is indecomposable. If A, is finite, L, is
Sinite-dimensional; if A, is infinite, dim Ly=|A,|.

Proof. If we define

H0=Sp{ha:aEA0}, V0= Z@Va’
a€lg
it is straightforward to verify that H, @ V, is the required subalgebra L,. The
assertions concerning the dimension of L, are immediate consequences of the
fact that, in an infinite-dimensional semisimple L*-algebra L,

5) dim L = dim H = || [2, Theorem 1].

COROLLARY. If A, has a finite basis, L, is finite-dimensional and consequently A,
is a finite set.

PROPOSITION 2. Suppose S is a subset of A, Ay=(Sp)™ S and L, the L*-subalgebra
of L determined by A, in accordance with Proposition 1: Ly=Ly(Ay)=Ly(S). Then
L, is finite-dimensional if S is finite, and dim Ly,=|S| if S is infinite. Finally, L, is
simple if S is indecomposable.

Proof. In view of the Corollary to Proposition 1 it suffices to consider the case
where § is infinite. Since A,=(Sp)” S=A N Spg S (by (4)), each root in A, is a
rational linear combination of roots from S. Hence, since S is infinite, by (5),
dim Ly=|Ao|=|S|. The final assertion concerning the simplicity of L, is an
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immediate consequence of Proposition 1 and the (easily proved) fact that A, is
indecomposable whenever S is indecomposable.

PROPOSITION 3. Let L be a simple L*-algebra and A the set of its nonzero roots
relative to some Cartan subalgebra H. For any subset S of A there exists a simple
L*-subalgebra L, of L, with Cartan subalgebra H,, such that

(1) S< Ay, where A, is the set of roots of L, (relative to H,),

(ii) L, is finite-dimensional if S is finite,

(iii) L, is infinite-dimensional and dim L,=|S| if S is infinite.

Proof. Since A is indecomposable, for any two roots «, 8 there is a chain C,g
of roots. For each pair of roots «, 8 in S select a chain C,; and denote by S’ the
union of all sets C,; as «, B vary in S. It is easily seen that any two roots y, 8 in
S’ can be joined by a chain C,; in S’. Hence S’ is indecomposable and therefore
by Proposition 2, L, with Ay=(Sp)™ S’ is simple.

Next we observe that S’ is finite whenever S is finite. Also when S is infinite

8°] = |U Cusl = Ro|S| = |S]

so that |S’|=|S|. The assertions (ii) and (iii) concerning the dimension of L, now
follow from Proposition 2.

4. Fundamental sets of roots.

DEFINITION 3. A subset F={p;} of A is called a fundamental set of roots or
briefly a f.s.r. of L (relative to H) if the following conditions are satisfied:

(i) The p; are linearly independent.

(ii) Every root « in (Sp)~ F=(Sp)g F is a linear combination Y ¢;p; of p; with
coefficients ¢, all nonnegative or all nonpositive.

A f.s.r. F which is a basis for A is called a f.b.r. (fundamental basis of roots).

DEFINITION 4. A semisimple L*-algebra which has a f.b.r. is called a regular
L*-algebra.

REMARK 3. Suppose « is a root of a semisimple L*-algebra L. If A;=(Sp)” {a},
the L*-subalgebra L,=Ly(A,) is finite-dimensional (by Proposition 2). By a well-
known result in Lie algebras [5, p. 117] it follows that A;={o, —«}. Thus a set
consisting of a single root is a f.s.r.

PROPOSITION 4. Let F={p;} be a f.s.r. If y € (Sp)™ F, then
©) y =2 kipy
where k, are all integers of the same sign and |k;| <6.
Proof. We may assume y=c,p; +Copat+ - - - + Capn, ¢;#0. Write

S = {p1, p2s - - -5 pr}-

If Lo=Ly(S) is the L*-subalgebra determined by S (Proposition 2), L, is finite-
dimensional, and also simple in view of Corollary 2 to Lemma 1. The hypothesis
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on Fimplies that every root in A, is a linear combination of p, with all coefficients
(rationals) of the same sign. But then the p; are the simple roots of L, and ¢;=k;
are integers [5, pp. 120-121].

Finally, an examination of the coefficients k; occurring in the representation of
the highest root a=3 k;p, for the simple Lie algebras of the different types (cf. [3,
pp. 163-164]) show that 0 <k, < 6. Hence for all roots of Lo, and in particular for
y, we have |k;| <6. This completes the proof.

The lemma which follows will be needed later (§7).

LeMMA 2. Let L be a semisimple L*-algebra. Every finite f.s.r. F (unless it is a
basis for A) can be extended to a f.s.r. F by the addition of a suitable root.

Proof. Let F={p,, ps, . .., pn-1}. Let B be any root of L such that
S = {Pl’ cees Pn—-1s B}

is linearly independent. Consider the finite-dimensional L*-subalgebra L,=L(S)
determined by S. Introduce the lexicographic ordering in A (cf. §5) induced by the
ordering py,...,pn—1, B Of the basis S. Denote by S’ the subset of elements of
A, which are not linear combinations of the p, and set

pn =infy:ye S’
Since B € S’, B= p,.

We assert that the p; (i=1, 2,..., n) are simple relative to the ordering intro-
duced. To prove this suppose p;=8+8'; 8, 8'>0. First consider the case p;# p,.
Then 8, &' ¢ S’ (for the contrary would imply 8, 8’2 p, > p,). Hence by the hypoth-
esis on F, dand & are nonnegative integral linear combinations of p; (i=1, ... ., n—1).
Therefore the relation p;=8+8" cannot hold unless one of 8§, & is zero. This
contradiction proves that p; is simple in this case. Next consider the case p,=p,
=38+8". Since p, € §”, at least one of 8, 8’ € S’ (otherwise p, would be in (Sp)™ F).
If € S’, then 82 p, and 8 =0 which is a contradiction. Hence p, also is simple.
Thus F={p,, ps, . .., pa} is a simple system of roots for L, from which it follows
(cf. Remark 4) that Fis a f.s.r.

(The above construction for the simple root p, was suggested by a result in
I. Satake [6, p. 289].)

5. Lexicographic ordering of roots.

DEFINITION 5. Let S A be a basis for A (over C). Then S is also a basis for A
over R (even over Q) so that A is a subset of the real vector space H, of all R-linear
combinations of elements of S. H, can be made into an ordered vector space in
the following standard way. Let the basis S be well ordered as S={8;} in an arbi-
trary fashion. Any vector xin H, is a real linear combination 3 A8;, with 8, in S,
and we define x>0 if the last nonzero coefficient A, is positive; also we define x>y
if x—y>0. We shall call this ordering of H,, and also that induced on its subset A,
the lexicographic ordering determined by the well ordered basis S.
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Denote by A+ the subset of A consisting of the positive roots (relative to this
ordering). Obviously S< A*. Though S is well ordered the same need not be true
of the whole of A* in general. However, we have

THEOREM 1. If L is a regular L*-algebra, there exists a lexicographic ordering for
A under which A+ is well ordered.

Proof. Let S=F be a f.b.r. for A and consider a lexicographic ordering deter-
mined by F. Then every root « in A* (relative to this ordering) is a nonnegative
integral linear combination «a=3, k;p; of roots p; in F. It follows, from the fact that
k; are nonnegative integers, that A* is well ordered.

REMARK 4. Suppose A is ordered as above in Theorem 1. Then it is easy to see
(cf. [5, p. 121]) that the roots in F are precisely the positive roots p which cannot
be written as a sum p=a+ f of positive roots «, B. In view of this property we shall
henceforth call p a simple root and F=II a simple system of roots of (the regular
L*-algebra) L.

Suppose next there is an arbitrary lexicographic ordering for A making A+ well
ordered. Then an argument similar to the finite-dimensional case [5, p. 120] will
show that the simple roots under this ordering form a f.b.r. of L.

6. Simple systems of roots. Simple root systems in L*-algebras share with
simple root systems of Lie algebras many of their useful properties. Some of these
properties are stated below. They are obtained by constructing, using Proposition
2, suitable finite-dimensional L*-subalgebras and applying to them the known
results of the Lie theory [5, pp. 112-123].

In what follows II={p;} will denote a simple system of roots of a regular L*-
algebra L. As in the finite-dimensional case we call 4 =(4,,), where

Ay = 2 py, P1>/ {pi> P

the Cartan matrix associated with II; 4,;,=0, —1, —2, or —3, for i#j (cf.
[S, p. 121]).

PROPOSITION 5. (i) If p1, p2 € 11, p1 5 pg, then py — p, is not a root; and {p,, p;> 0.

(ii) For any positive root o ¢ I, there exists a simple root p such that a—p is a
positive root; also o has a representation «=p;, +p;, + - - - + p;, where the p;, are not
necessarily distinct and are such that every partial sum p, + - --+p;, (mSKk) is a
root.

(iii) For any finite set of simple roots py, ps, . . ., p, the sequences (ki, ks, . . ., k;)
such that 3 k,p; is a root can be determined from A by an algorithm, so that 11 and
A determine A.

REMARK 5. Let I1={p;} be a simple system of roots of a regular L*-algebra L.
Choose e,, € V,, with |e,||=1. Then e_,, =e} and h, =[e,, e_,]. Now write

e = €y, f; =\2e:k/<Ph Pi>9 hl = 2ho;/<Pb Pi>-



1968] SIMPLE SYSTEMS OF ROOTS IN L*-ALGEBRAS 519

Then
(b, &] = 2e, [h, il = =2f, [e, fi]l = h.

In other words the elements e;, f;, h; have the canonical multiplication table for a
three-dimensional split simple Lie algebra as given in [5, p. 121]. Also these elements
clearly span a 3-dimensional L*-subalgebra of L. Now select for each positive root
« a representative a=p; +p;, + - -+ +p, as explained in (ii) of Proposition 5. Set

€y = [eikeik—l ot .eiI]’ €_qg = [ﬁkﬁk—l ot 'ﬁll

where we have used the abbreviation [xxj_; - - - x;] for [xe[x, - o[- - - [x2, x1]- - -1
The elements

hi; €os €_¢o (P( € H, «€ A+)

form a linearly independent set 7" which is total in L. We may call T a total basis
for L. Because of the linearity and continuity of the Lie bracket, the multiplication
table for elements of T determines that for all of L. It can further be shown by the
same method as in [5, p. 125, Theorem 2] that the multiplication table for T has
rational coefficients which are determined by the Cartan matrix A.

PROPOSITION 7. A regular L*-algebra L is simple if and only if Tl is indecom-
posable.

Proof. The proof of this proposition proceeds on the same lines as in [5, p. 128]
for the corresponding finite-dimensional theorem. If IT =11, U IT, with II,, [T, # &
and II, | II,, then write H;=closure of Sp{h,, : p;eIl;}, V1=3'@® V, where
summation is taken over all roots « in (Sp)™ II,, and L,=H; @ V;. L, is clearly a
closed subalgebra of L such that 0cL, <L. Now consider the normalizer N(L,)
of L,; N(L,) is a closed subalgebra of L. An argument similar to the one used in
the finite-dimensional proof cited above shows that N(L,)=L. Hence L, is a closed
ideal of L and therefore L is not simple. Conversely, if L is not simple an entirely
analogous argument as in the finite-dimensional proof shows that IT is decom-
posable.

7. Structure of regular L*-algebras. We observe that by virtue of Remark 4
a regular L*-algebra can be redefined as a semisimple L*-algebra with a simple
system II of roots. The following lemma is an easy consequence of the definition
of a simple system (Definition 3) and Lemma 1.

LEMMA 3. An orthogonal sum L =73 @ L; of semisimple L*-algebras L; is a regular
L*-algebra if and only if each component L; is a regular L*-algebra.

PROPOSITION 8. If a simple L*-algebra is a regular L*-algebra, it is separable.

Proof. Let L be a simple L*-algebra which is regular, so that L has a simple
system II of roots. For each p, in II denote by M(p,) the set of all p in IT such that
p# pos <p, poy #0. Call | M(p,)| the multiplicity m(po) of po.
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We shall first prove: m(p) < 3 for all p in I1. Suppose indeed for a p= p,, m(p,) > 3.
Then we can pick out four roots p; (i=1, 2, 3, 4) such that {p,, p;> #0. Write
Ao=(Sp)” {pos P15 - -» pa} and let Lo=Ly(A,) denote the corresponding L*-sub-
algebra (cf. Proposition 2). L, will be simple and the Dynkin diagram for L, will
have at the vertex po, four lines issuing from it. But this is impossible [5, p. 130].
Hence the result.

Next we assert that there is at most one p with m(p)=3. To prove this, suppose
we have m(p,)=m(p;)=3, p1#ps. Write S=M(p;) U M(p;). By Proposition 3
there exists a finite dimensional simple L*-algebra L, with S<A,. By successive
applications of Lemma 2, S can be extended to a simple system II, of L,. Then the
Dynkin diagram for II, will have at each of the vertices p,, p, three lines issuing
from the vertex. But an examination of the diagrams for the different types of
simple Lie algebras will show that this is not possible. This proves our assertion.
Further an exactly similar argument as above will also show that if m(p,)=3,
M(po)={p1, ps, ps} then one of the p; has m(p))=1.

Again it is an easy consequence of the indecomposability of II that m(p)=2 for
all roots p except possibly two of them, say, p;, ps for which m(p,)=m(p;)=1. We
conclude therefore that for the simple system II, m(p)=2 for all p in II except
possibly three of them p’, p”, p” for which we have: m(p")=m(p")=1 and m(p")=3.

We now proceed to prove that II is countable. We may assume that II is infinite.
We have to consider various possibilities. Our method consists in picking out in
each of the different cases that arise a certain countable (infinite) subset .S of II
and showing, with the help of the properties established for m(p) and the indecom-
posability of II, that I1=S. By making use of the fact, that the Dynkin diagram
(without weights) for any finite chain of IT corresponds to that of one of the finite-
dimensional simple Lie algebras, it is not difficult to see that the cases considered
below (for II) are the only ones that can occur. In each case the corresponding
subset S that can be selected is indicated by a diagram.

Case 1. m(p)=2 for all p in II.

S e e eDe o e O—0O——0O s e 060 s oo
P-n  P-1 Po P21 Pn

Case 2. m(p,)=1, m(p)=2 for all p+#p,.

S:0O——0 e e e
P1 P2 Pn

Case 3. m(po)=m(py)=1; m(p;)=3; m(p)=2 for all p# po, p1, pa-

P2
S:0—0—-0+ce00e
P1 P3 Pn
o
Po

To prove that S=1I (in all the cases) it suffices to consider Case 1 since the proof
for the other two cases is similar. If S#1II, we could select a p’ outside S. By the
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indecomposability of I1, there is a chain C, ,. in II. Let p” be the first root of the
chain lying outside S. Then the preceding root p lies in S and <{p, p">#0. This
clearly implies m(p)>2, which is a contradiction. Hence S=1II. The countability
of I follows immediately, whence L is separable (by (5) of §3).

THEOREM 2 (STRUCTURE THEOREM). The regular L*-algebras are precisely the
L*-algebras which are orthogonal sums of separable simple L*-algebras.

Proof. It is an immediate consequence of the definition of regularity and the
results obtained by Schue in [7, p. 76] that every separable simple (or even semi-
simple) L*-algebra is regular. Hence by Lemma 3 an orthogonal sum of separable
simple L*-algebras is also regular. Next suppose that L is a semisimple L*-algebra
which is regular. If L=3 @ L, is the decomposition of L into its simple components
L, then L, are regular by Lemma 3. Hence by Proposition 8 L, are separable and
this completes the proof.

8. The isomorphism theorem.

DEFINITION 6. Let IT be a simple system of roots (relative to H) of a regular
L*-algebra L with a Cartan subalgebra H. Following Schue [7, p. 76] we call the
set <h,,, h,,» as py, pp vary in II the graph G of II. If L’ is also a regular L*-algebra
with II" as a simple system of roots (relative to an H') and G’ the corresponding
graph, then G is said to be isomorphic with G’ if there is a map p — p’ of IT onto
II" such that <h, , h,,>=<h,;, h,,> for all p;, p, in II.

It is an immediate consequence of assertion (iii) in Proposition 5 that the graph
G associated with a simple system determines the set A of all nonzero roots (since
G obviously determines the Cartan matrix 4).

DEFINITION 7. A map ¢ of an L*-algebra L onto an L*-algebra L’ is called an
L*-isomorphism if i is an isomorphism between L and L’ as Lie algebras and also
an isomorphism between L and L’ as Hilbert spaces.

LeMMA 4. If y is an L*-isomorphism of L onto L', then (x)* =yx* for all x in L.
Proof. For x, y, ze€ L we have

[y, ¥y], 2> = <[x, y], 2> = <y, [x*, 21>
= <¢’y’ [l/lx*, l/iZ]>
= ([(x*)*, ¥y), ¥z).
Hence x=(px*)*, or yx*=(px)*.
THEOREM 3 (ISOMORPHISM THEOREM). Let L, L' be regular L*-algebras with Cartan
subalgebras H, H' and corresponding graphs G, G'. If there is a map p—p’

making G and G’ isomorphic, then the map : h, — h,. can be extended to an
L*-isomorphism of L onto L’.

This isomorphism theorem has been obtained by Schue [7, p. 76] under the
additional restrictions that L and L’ are separable and simple. However, his proof
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goes over without change to the present general case since we have with us now
the necessary extensions (like Theorem 1 and Proposition 5) of the auxiliary results
on which it depends.

COROLLARY. Let L be a regular L*-algebra with a Cartan subalgebra H. Then there
is an L*-isomorphism  of period 2 (i.e., $*>=1) such that y(h)= —h for all h in H.

9. Weyl basis.

DEerRNITION 8. Let L be a regular L*-algebra with a simple system of roots, II,
and A* the positive roots under the lexicographic ordering induced by II. For each
a € A+ choose v, € V,, with |v,||=1. Then

Q)] Vg =UF€V_, "v—a" =1, and [v,,v_] = he.

For «, B € A and «+B+#0, we define N, ; to be zero if «+ 8 is not a root and by
the equation [v,, v3]=N, Vs 4+ if «+8 is a root.

LEMMA 5. Suppose o, B € A and B+ix (p<i=<q) is the a-series containing B. Then

(8) Na.BN-a. -8 = —{q(l —P)/2}<0¢, o).
For proof see [7, p. 74].

THEOREM 4. Let V, (a € A) be the root subspaces of L. Then for each o € A+ we
can choose e, € V, satisfying the following conditions:
@ lel=1,
(i) eX=e_,,
(iii) [eq, €-o]="ha,
(iv) Ny 3= —N_, _;4; the N, ; are real, being determined by the equation

Nz.p = {q(1—p)/2Ke, o).

Proof. The proof of this theorem will make use of the automorphism ¢ in the
Corollary to Theorem 3 and runs on lines similar to that for the corresponding
result in finite-dimensional Lie algebras (cf. [4, p. 152]).

Choose the v, as in Definition 8. Since Y, € V_,, we can write Jv,=cC_,0_,.
Now

Coaly = (C_a0-o)* = (Pv)* = Yoy = PYo_ ¢ = Colss
so that c_,=¢,. Also |¢,|=|c_,|=1 since |v,| =1 and ¢ is an isometry.

Choose constants d,, d_, such that d,d_,=1 and d,/d_,= —c,; then |d,|=1
and d_,=d,. If we write e,=d,v,, e_,=d_,v_, then |e]=1, e¥=e_, and
[es €-2]=h, (cf. (7)). Again

Ye_o = Pd_av-o) = d_oC0, = —e,.
Hence
Na.ﬁea+3 = e, eB] = '/‘[e—a, e—B]

= ¢(N—a’—ﬁe-a—ﬂ) = —N—a.-Bea+Ba
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or N, 3= —N_,, _;. Finally the expression for N2 ; in (iv) follows from (8) (Lemma
5).

REMARK 6. Let II be a simple system of roots for L (relative to H). Consider the
total basis Ty for L—in the sense of Remark 5—comprising 4, (p € IT) and the
€., €_,=¢€¥ (€ A*) chosen as above. The structure constants associated with
this basis are all real. (Note that [h,, e,]=<h,, h,)e,, and {h,, h,> is real since
h¥=h,, h¥=h,). We may call Ty a Weyl basis for L (relative to H).

10. Compact forms.

DerINITION 9. If in the definition of an L*-algebra [7, p. 70] the underlying
complex Hilbert space is replaced by a real Hilbert space, the resulting system we
get is called a real L*-algebra.

DEerINITION 10. Let L be a semisimple L*-algebra. By considering L as a complex
Lie algebra we have the associated real Lie algebra L? as in [4, p. 153]. Suppose
now L, is a subalgebra of L* with the following properties:

(i) L, is closed for the *-operation of L,
(ii) The inner product - of L is real over L,,

(iii) Ly is a closed subset of L,

(iv) L as a vector space is a complexification of Ly: L=Ly++/—1L,.

Then L, is called a real form of the L*-algebra L.

REMARK 7. Since a complete orthonormal set for L, is easily seen to be a com-
plete orthonormal set for L also, we have

) dim L, = dim L.

Further L is semisimple in the sense that its center is zero.
By (iv) every element z in L can be uniquely written as

(10) z = x++/—1y(x, y €L).
The map o: x++4/—1y—>x—+/—1y of L onto itself is called the conjugation
of L with respect to L,. o has the properties

o(oz) = z, o(z+2') = oz+o0Z,

o(az) = dz, olz, Z'] = [oz, 0Z'],

oz, 02"y =<', 2),
for z, z’ € L and « € C. Conversely, if ¢ is any map of L onto itself with the above
properties, the set L, of fixed points of ¢ is a real form of L having ¢ as the associated
conjugation. (Cf. [4, p. 154].)
DEFINITION 11. A real form L, is called a compact form if

08 {6, x*> 20
for every x in L,

THEOREM 5. L has a unique compact form L,, consisting of all skew-adjoint elements
of L, with the associated conjugation o in L being given by ox= —x* for all x in L.
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Proof. Define L,={x € L : x*= —x}. It is easy to verify that L, is a real form.
Further, for xe L,
x, x*) = =<x,x) £ 0

so that L, is compact. Again, for z € L write
x = 3(z—2%), y = (z2+z%)24/-1;
then x, ye L, and z=x++/—1 y. Hence
0z =x—~1y=—x*+4/—1y* = —(x++/—1p)* = —z*,

It remains to prove the uniqueness of the compact form L,. Suppose now L, is
any compact form of L. If x € Ly, then x* and hence also z=x+x* € L,. Since
z¥=z, by (11),

{z,z) =<z,z*) £ 0,
whence z=0, or x*= —x. Further, for any zeL by (10) z=x++/—1y with
x,y € L,. Hence

¥ =x*¥—q/=1y* = —x+4/-1y = -2

This proves Lo=L,.

REMARK 7. Let L be a regular L*-algebra with a Cartan subalgebra H. Let

Tw =1{hy; e, e¥ - pell,ae A}

be a Weyl basis relative to H (Remark 6). Write
By ={/—1h,e,—e} /—1(e,+ef):pell,ae A*}, L, = closure of Spg B,.

Then L, is a real L*-algebra having B, for a total basis (as defined in Remark 5)
and the multiplication table for B, is completely determined by the graph G
associated with the simple system II. Further it is not difficult to see that L,

coincides with the compact real form L, of L. Thus, as in the finite-dimensional
case the Weyl basis can be used to determine the compact form.
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